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TATE-SHAFAREVICH GROUP AND SELMER GROUP
CONSTRUCTIONS FOR CHOW GROUP OF AN
ABELIAN VARIETY
KALYAN BANERJEE, KALYAN CHAKRABORTY
Abstract. In this note we are going to define the notion of Tate-
Shafarevich group and Selmer group of the Chow group of an
abelian variety defined over a number field. We prove the weak
Mordell-Weil theorem for the group of degree zero cycles on the
abelian variety over the number field.
1. Introduction
The notion of Selmer group and the Tate-Shfarevich group are very
much important from the perspective of local-global principle in arith-
metic geometry. The Tate-Shafarevich group measures the failure of
the local to global principle. The studies of these groups have been initi-
ated by Cassels, Lang, Selmer, Shafarevich, Tate [CAS1],[CAS2],[LT],[Sel],
[Sh1], [T]. The famous conjecture about the Tate-Shafarevich group
tells that this group associated to an abelian variety is finite. The first
case where it has been proven is the case of elliptic curves with complex
multiplication having rank atmost 1, by Karl Rubin, [Ru1]. The next
is the case of modular elliptic curves with analytic rank atmost 1, by
V.Kolyvagin, [Kol]. The paper by Selmer [Sel] has many examples of
genus one curves for which the Tate-Shafarevich group has non-trivial
elements. The perception of the Tate-Shafarevich group of abelian va-
rieties comes from the first Galois cohomology of the Abelian variety
defined over a number field. On the other hand it can be described as
the non-trivial torsors on the abelian variety which become trivial over
a local field. The Selmer group has been defined by a certain kernel at
the level of first Galois cohomology and it is known that this group is
finite.
Our aim of this paper is to study the notion of Selmer group and
the Tate-Shafarevich group from the perspective of algebraic cycles.
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That is we consider the Galois action of the absolute Galois group of a
number field on the group of degree zero cycles on an abelian variety
defined over a number field. Then consider the Selmer and the Tate-
Shafarevich group associated to this group of degree zero cycles on the
abelian variety by considering the kernel at the level of first Galois
cohomology of this particular Galois module.
There are certain things known about the group of degree zero cycles
on a smooth projective variety over the algebraic closure of a number
field. One is the Mumford-Roitman, argument [M],[R1] about Chow
schemes which says that the natural map from the symmetric power of
an abelian variety to the Chow group has fibers given by a countable
union of Zariski closed subsets in the symmetric power. This result
enables us to give a scheme theoretic structure on the first Galois co-
homology of the group of degree zero cycles on the abelian variety.
Next, there is the famous theorem due to Roitman, [R2], which says
that the torsion subgroup of the group of degree zero cycles on an
abelian variety and the torsion subgroup on the abelian variety are
isomorphic. This leads us to study divisibility of the group of the
degree zero cycles defined over the number field from a cohomologi-
cal prespective. Proceeding further we use the exact sequence at the
level of Tate-Shafarevich and Selmer groups to prove the finiteness of
the Selmer group associated to the group of degree zero cycles on an
abelian variety. As a corollary we prove the following result:
Let A denote an abelian variety defined over a number field K. Let
A0(A) denote the group of degree zero cycles on the abelian variety.
Then the group A0(A)(K)/nA0(A)(K) is finite.
The importance of this result from the perspective of algebraic cycles
lies in the Beinlinson’s conjecture on the albanese kernel which says
that the kernel of the albanese map from the group of degree zero
cycles on a smooth projective variety over Q¯ to the albanese variety
has trivial kernel. It is known that this restriction on the ground field
is sharp. That is if we consider a one variable transcendental extension
of the field Q¯, then over this field there are varieties for which the
albanese kernel is non-trivial (see [GG],[GGP]). From the above result
we can only say that the quotient T (A(K))/nT (A(K)) of the Albanese
kernel (denoted by T (A)) for an abelian variety A is finite. Here n-is a
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positive integer and A(K) denote the group of K-points on A. So it is
worth studying the Tate-Shafarevich group and the Selmer group of the
albanese kernel. This is why we need an approach to understand the
Tate-Shafarevich group and the Selmer group of the group of degree
zero cycles in terms of Tate-Shafarevich group and Selmer group of
finite product of Jacobians of smooth projective curves on the abelian
variety. This will be dealt in detail in a sequel.
Acknowledgements: The first named author thanks the hospitality of
Harish Chandra Research Institute India for hosting this project. Both the
authors thank Azizul Hoque for carefully listening to the arguments present
in the paper.
2. Tate-Shafarevich group of the Chow group of an
abelian variety
Let K be a number field and let K denote its algebraic closure. Let
A be an abelian variety defined over the number field K. Then we have
a natural Galois action of the absolute Galois group Gal(K¯/K). This
action induces further an action on the Chow group of zero cycles on
the abelian variety A. Here the Chow group is the free abelian group
generated by closed points on A(K¯) modulo the rational equivalence.
We denote this group by CH0(A).
Consider the continuous functions f from G = Gal(K¯/K) to CH0(A)
satisfying the property that
f(στ) = f(σ) + σf(τ) .
The set of all such functions form a group denote by Z1(G,CH0(A)).
Let us consider the subgroup of Z1(G,CH0(A)) consisting of elements
f such that
f(σ) = σ.x− x
where x some element in the group CH0(A). Denote this subgroup by
B1(G,CH0(A)). Then we define the quotient
Z1(G,CH0(A))/B
1(G,CH0(A))
as
H1(G,CH0(A)) .
We observe that there is a natural homomorphism of abelian groups
from CH0(A) to A. Then by functoriality of group cohomology we have
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that this homomorphism descends to a homomorphism fromH1(G,CH0(A))
to H1(G,A). The map from CH0(A) to A is denoted by alb, the al-
banese map. We denote the map from H1(G,CH0(A)) to H
1(G,A)
as alb. We are interested in understanding the structure of the group
H1(G,CH0(A)). Consider the natural map from Sym
nA to CH0(A),
which sends an unordered n-tuple {P1, · · · , Pn} of K¯ points on A to
the cycle class
n∑
i=1
[Pi] .
Now consider the fact that the group H1(G,CH0(A)) is actually
isomorphic to the colimit of Galois cohomology of finite groups
H1(Gal(L/K),CH0(AL))
Here L/K is a finite Galois extension and AL is the collection of L-
points on A. Since G is a profinite group, the range of any function η
from G to CH0(A) is finite. Consider Zl,m to be the collection of all
maps η from G to CH0(A) such that η factors through Sym
lA×SymmA
(this can be achieved by decomposing a zero cycle into positive and
negative parts). That is we identify the maps η, factoring through
SymlA×SymmA, with its image inside SymlA×SymmA. There exists a
normal subgroup of G Of finite index, call it N , such that η is factoring
through G/N . On the other hand suppose that we have a collection of
points on SymlA × SymmA. Then we can define a map from G/N to
SymlA×SymmA by assigning the cosets of N to this finite collection of
points of SymlA× SymmA. Such a map will be continuous from G/N
to SymlA× SymmA equipped with discrete topology, as G/N is finite.
Since the quotient map from G To G/N is continuous we have that
the map from G to SymlA × SymmA is continuous. But these maps
are non-canonical as its depends on the choice of the points and their
assignments to the left cosets of N . Now consider the relation that
defines Z1(G,CH0(A)),
η(στ) = η(σ) + ση(τ) .
Since this relation happens on CH0(A) we have that the cycles
η(στ)
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is rationally equivalent to
η(σ) + ση(τ) .
This means that there exists a map from P1
K¯
to SymdA, and a positive
zero cycle B such that
f(0) = η(στ) +B, f(∞) = η(σ) + ση(τ) +B .
By the theorem of Roitman [R] the collection of all such η, such that
η(στ)
is rationally equivalent to
η(σ) + ση(τ)
is a countable union of Zariski closed subsets inside the symmetric
power SymlA× SymmA such that range of η is contained in SymlA×
SymmA. For the completeness of reading we include a proof of this
here (it can be found in [R]):
Theorem 2.1. The collection of all η contained in Zl,m such that
η(στ)
is rationally equivalent to
η(σ) + ση(τ)
is a countable union of Zariski closed subsets inside SymlA × SymlA
denoted by Z1l .
Proof. To prove this we consider the following reformulation of the
definition of rational equivalence. Let Z1, Z2 be two codimension 0-
cycles. They are rationally equivalent if there exists a positive 0-cycle
B, such that Z1 +B,Z2 +B belong to Sym
d(A) for some fixed d, and
there exists a regular morphism f from P1
K¯
to Symd(A), such that
f(0) = Z1 +B, f(∞) = Z2 +B .
Let us consider a η such that its range is contained in SymlA×SymlA.
Then we have
η(στ)
is rationally equivalent to
η(σ) + ση(τ) ,
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for every σ, τ . So there exists a positive cycle B and a regular map f
from P1
K¯
to Syml+u(A) such that
f(0) = η(στ) +B, f(∞) = η(σ) + ση(τ) +B .
So it is natural to consider the following subvarieties of
∏n
i=1 Sym
l(A)×
Syml(A) denoted by W u,vl,n consisting of η such that the above equation
is satisfied.
Consider the tuple (η, f, B) such thatB ∈ Symu(A) and f in Homv(P1, Syml+u(A)),
for some positive integer v satisfying
f(0) = η(στ) +B, f(∞) = η(σ) + ση(τ) +B ,
for fixed σ, τ .
For simplicity we denote P1
K¯
as P1. Here Homv(P1, Syml+u(A)) is
the Hom scheme of degree v morphisms from P1 to Syml+u(A). For
working purpose denote
∏n
i=1 Sym
di(A) as Symd1,··· ,dn(A).
Let
e : Homv(P1, Syml+u,l+u(A))→ Syml+u,l+u(A)
be the evaluation morphism sending f : P1 → Syml+u,l+u(A) to the
ordered pair (f(0), f(∞)), and let us consider the map:
s :
n∏
i=1
(SymlA× SymlA)× Symu(A)→ Syml+u,l+u(A)
be the regular morphism sending (η, B) to (η(στ)+B, η(σ)+ση(τ))+
B). The two morphisms e and s allow to consider the fibred product
V = Homv(P1, Syml+u,l+u(A))×Syml+u,l+u(A)
n∏
i=1
(SymlA×SymlA)×Symu(A) .
This V is a union of Zariski closed subsets in the product
Homv(P1, Symn+u,n+u(A))×
n∏
i=1
(SymlA× SymlA)× Symu(A)
over Spec(K¯) consisting of tuples (f, η, B) such that
e(f) = s(η, B) ,
i.e.
(f(0), f(∞)) = (η(στ) +B, η(σ) + ση(τ) +B) .
The latter equality gives
pr2(V ) = W
u,v
l,n .
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Vice versa, if η is a closed point of W u,vl,n , there exists a regular mor-
phism
f ∈ Homv(P1, Syml+u,l+u(A))
with f(0) = η(στ) + B and f(∞) = η(σ) + ση(τ) +B. Then (f, η, B)
belongs to V .
So the set W u,vl,n is a finite union of quasi-projective varieties (or of
constructible sets).
Suppose that (η) is inW u,vl,n . Then there exists f in Hom
v(P1, Syml+u(A)),
B in Symu(A) such that
f(0) = η(στ) +B, f(∞) = η(σ) + ση(τ) +B .
Then this immediately imply that (η(στ) +B, η(σ) + ση(τ) +B) is in
W 0,vl+u,n. On the other consider the map
s˜ :
n∏
i=1
(SymlA× SymlA)× Symu(A)→ Syml+u,l+u(A)
given by
(η, B) 7→ (η(στ) +B, η(σ) + ση(τ) +B) .
By the above we have that
W u,vl,n ⊂ pr1,2(s˜
−1(W 0,vl,n+u)) .
Conversely suppose that (η(στ) + B, η(σ) + ση(τ) + B) belongs to
pr1,2(s˜
−1(W 0,vl,n+u)). Then there exists f in Hom
v(P1, Syml+u(A)) satis-
fying
f(0) = η(στ) +B, f(∞) = η(σ) + ση(τ) +B .
This tell us that η belongs to W u,vl,n . Hence we have that
W u,vl,n = pr1,2(s˜
−1(W 0,vl+u,n)) .
Since s˜ is continuous and pr1,2 is proper,
W¯ u,vl,n = pr1,2(s˜
−1(W¯ 0,vl+u,n) .
So it is enough to show that W¯ 0,vl,n is contained in Wl,n.
Let η be a closed point of W¯ 0,vl,n . Suppose
η ∈ W¯ 0,vl,n rW
0,v
l,n .
LetW be an irreducible component of the countable union of the quasi-
projective varieties, W 0,vl,n whose Zariski closure W¯ contains the point η.
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Let U be an affine neighbourhood of η in W¯ . Since η is in the closure
of W , the set U ∩W is non-empty.
Let us show that we can always take an irreducible curve C passing
through η in U . Indeed, write U as Spec(A). It is enough to show that
there exists a prime ideal in Spec(A) of height n − 1, where n is the
dimension of Spec(A), where A is Noetherian. Since A is of dimension
n there exists a chain of prime ideals
p0 ⊂ p1 ⊂ · · · ⊂ pn = p
such that this chain can not be extended further. Now consider the
subchain
p0 ⊂ p1 ⊂ · · · ⊂ pn−1 .
This is a chain of prime ideals and pn−1 is a prime ideal of height n−1,
so we get an irreducible curve.
Let C¯ be the Zariski closure of C in W¯ . Two evaluation regular
morphisms e0 and e∞ from Hom
v(P1, Syml(A)) to SymlA) give the
regular morphism
e0,∞ : Hom
v(P1, Syml(A))→ Syml,l(A) .
Then W 0,vl,n is exactly the Cartesian product of
∏n
i=1 Sym
lA × SymlA
and the Hom scheme Homv(P1, SymlA) over SymlA×SymlA. Here the
map from
∏n
i=1 Sym
lA× SymlA to Syml,lA is the evaluation map
η 7→ (η(στ), η(σ) + ση(τ))
and we can choose a quasi-projective curve T in Homv(P1, Syml(A)),
such that the closure of the image e0,∞(T ) is C¯.
For that consider the curve C in W so it is contained in W 0,vl,n . We
know that this set is given by the above Cartesian product. Consider
the inverse image of C¯ under the morphism e0,∞. Since C¯ is a curve,
the dimension of e−10,∞(C) is greater than or equal than 1. So it contains
a curve. Consider two points on C¯, consider their inverse images under
e0,∞. Since Hom
v(P1, Syml(X)) is a quasi projective variety, e−10,∞(C¯)
is also quasi projective, we can embed it into some Pm and consider a
smooth hyperplane section through the two points fixed above. Con-
tinuing this procedure we get a curve containing these two points and
contained in e−10,∞(C). Therefore we get a curve T mapping onto C¯. So
the closure of the image of T is C¯.
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Now, as we have mentioned above, Homv(P1, Syml(A)) is a quasi-
projective variety. This is why we can embed it into some projective
space Pm. Let T¯ be the closure of T in Pm, let T˜ be the normalization
of T¯ and let T˜0 be the pre-image of T in T˜ . Consider the composition
f0 : T˜0 × P
1 → T × P1 ⊂ Homv(P1, Syml(A))× P1
e
→ Syml(A) ,
where e is the evaluation morphism eP1,Syml(A). The regular morphism
f0 defines a rational map
f : T˜ × P1 99K Syml(A)
Then by resolution of singularities we get that f could be extended to
a regular map from (T˜ × P1)′ to Syml(A), where (T˜ × P1)′ denote the
blow up of T˜ × P1 along the indeterminacy locus which is a finite set
of points. Continue to call the strict transform of T˜ in the blow up as
T˜ , and the pre-image of T as T˜0
The regular morphism T˜0 → T → C¯ extends to the regular morphism
T˜ → C¯. Let P be a point in the fibre of this morphism at η. For any
closed point Q on P1 the restriction f |T˜×{Q} of the rational map f onto
T˜×{Q} ≃ T˜ is regular on the whole curve T˜ , because T˜ is non-singular.
Then
(f |T˜×{0})(P ) = η(στ) and (f |T˜×{∞})(P ) = η(σ) + ση(τ) .
f : {P} × P1 → Syml(A)
has the property that
f(0) = η(στ), f(∞) = η(σ) + ση(τ) .
Hence we have that W 0,vl,n is Zariski closed. So W
u,v
l,n is Zariski closed.

Similarly we can prove that the collection of η in Zl,m such that η(σ)
is rationally equivalent to σ.z−z (for a fixed zero cycle z) is a countable
union of Zariski closed subsets in Zl,m. Call it B
1
l,m
Therefore we can conclude from the above theorem that:
Theorem 2.2. The group H1(G,CH0(A)) admits a surjective map
from the countable union ∪l,mZ
1
l,m such that ∪l,mB
1
l,m is mapped to a
point under this surjective map.
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Now we further study the property of this map from Z1l,m toH
1(G,CH0(A)).
Consider an element η in the set Z1l,m. THen for every σ, τ we have
η(στ) = η(σ) + ση(τ) .
This equality happens in CH0(A). So consider the tuples
(η, f, B) ∈ Zl,m × Hom
v(P1, Symn+u,n+uA)× SymuB
such that the following equations are satisfied:
f(0) = η(στ) +B
f(∞) = η(σ) + ση(τ) +B
So if we denote the above quasiprojective variety by V and consider
the projection map from V to Homv(P1, Symn+u,n+uA), then it is a
P1-bundle. This is because it is the pull-back of the P1-bundle given
by
{(x, f)|x ∈ im(f)} ⊂ Symn+u,n+uA× Homv(P1, Symn+u,n+uA) .
So over Z1l,m we have the universal variety U
1
l,m consisting of tuples
(η, f, B) such that the above equations are satisfied and it has the struc-
ture of a rationally connected fibration over the Hom-scheme. There-
fore if we consider the finite map from Al+m to SymlA × SymmA, the
degree of this finite map is l!m!. The pullback of Z1l,m under this map
is a finite branched cover of Z1l,m denoted by Z˜
1
l,m. Correspodningly we
have the pull-back of the universal family U1l,m over Z˜
1
l,m denoted by
U˜1l,m. This is a family of branched covers of P
1 over the Hom-scheme.
2.3. The group cohomology of the group of degree zero cycles
on A. Let A0(A) denote the group of degree zero cycles or the zero
cycles algebraically equivalent to zero on A. Then there is a natural
homomorphism from An to A0(A) Given by∑
i
Pi 7→
∑
i
[Pi − n0]
here 0 is the neutral element of the abelian variety A. Then the map
from An to A0(A) induces by functoriality a natural homomorphism
from H1(G,An) to H1(G,A0(A)). Consider the natural map from A
n
to An+1 given by
(P1, · · · , Pn) 7→ (P1, · · · , Pn, 0)
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Then this map gives rise to the homomorphism from H1(G,An) to
H1(G,An+1) and the homomorphism
θn : H
1(G,An)→ H1(G,A0(A))
factors through the above map
H1(G,An) 7→ H1(G,An+1) .
Hence we have a natural homomorphism from the colimit of the groups
H1(G,An) to H1(G,A0(A)), denoted by θ. So we have
θ : lim
−→
H1(G,An)→ H1(G,A0(A)) .
Now for each n we have the group law from An to A given by
(a1, · · · , an) 7→
∑
i
ai
This map gives rise to a natural map from H1(G,An) to H1(G,A).
Note that this map factors through the homomorphism
H1(G,An)→ H1(G,An+1)
THerefore we have a homomorphism from
lim
−→
H1(G,An)→ H1(G,A) .
Since the map H1(G,An) to H1(G,A0(A)) factors through the map
H1(G,A)→ H1(G,A0(A))
we have that the map
lim
−→
H1(G,An)→ H1(G,A0(A))
Factors through the map
H1(G,A)→ H1(G,A0(A)) .
Now the group on the left is the the Weil-Chatelet group of the respec-
tive A, which consists of the equivalence classes of principal homoge-
neous spaces over A. This group is denoted by WC(A). Under the
identification
H1(G,A) ∼= WC(A)
we have that
θ : WC(A)→ H1(G,A0(A)) .
It is natural to consider when this map is injective and surjective.
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Now due to the famous result on torsions in A0(A) we know that
this group of torsions is isomorphic to the group of torsions in A. So
we expect a similar result when we consider the group cohomology
H1(G,A) and H1(G,A0(A)).
Theorem 2.4. THe kernel of the map H1(G,A)[n]→ H1(G,A0(A))[n]
is isomorphic to the group
A0(A(K))/nA0(A(K)) .
Proof. Consider the exact sequneces of abelian groups:
0→ A[n]→ A
n
→ A→ 0
where A[n] is the group of n-torsions on A. THe map A
n
→ A is the
map from A to A given by
a 7→ na .
Corresponding to this exact sequence we have the following long exact
sequence og cohomology groups:
0→ A[n](K)→ A(K)→ A(K)→ H1(G,A[n])→ H1(G,A)→ H1(G,A)
which gives the exact sequence
0→ A(K)/nA(K)→ H1(G,A[n])→ H1(G,A)[n]→ 0
Here H1(G,A)[n] is the group of n-torsions of H1(G,A). Similarly we
have the short exacts equence
0→ A0(A(K))/nA0(A(K))→ H
1(G,A0(A)[n])→ H
1(G,A0(A))[n]→ 0 .
Now we consider the natural maps
H1(G,A[n])→ H1(G,A0(A)[n])
and
H1(G,A)[n]→ H1(G,A0(A))[n] .
The first of the above is an isomorphism because
A[n] ∼= A0(A)[n] .
SO consider the map
θ : H1(G,A)[n]→ H1(G,A0(A))[n]
Suppose that θ(a) = 0 . Let us denote the maps
H1(G,A[n])→ H1(G,A)[n]
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by φA and the map
H1(G,A0(A)[n])→ H
1(G,A0(A))[n]
by φA0(A). SO from the above we have that
θφA(b) = 0
where φA(b) = a therefore it follows that
φA0(A)θ(b) = 0
Now since θ is an isomorphism from H1(G,A[n]) to H1(G,A0(A)[n])
there exists a unique c such that
θ−1(c) = b
THerefore we get that
φA0(A)(c) = 0 .
THerefore c belongs to the group A0(A(K))/nA0(A(K)). Conversely
for c in A0(A(K))/nA0(A(K)), we have
φA0(A)(c) = 0
Since there exists unique b such that θ(b) = c we have
φA0(A)θ(b) = 0 = θφA(b) = 0 .
So the kernel of θ from H1(G,A)[n] to H1(G,A0(A))[n] is in bijection
with the group A0(A(K))/nA0(A(K)) . This later group is the images
of the increasing union of the groups Am(K)/nAm(K). THese groups
are all finite hence we have that
A0(A(K))/nA0(A(K))
is a profinite group. 
3. Tate-Shafarevich and Selmer group of A0(A) and their
properties
Consider the exact sequence
0→ A0(A(K))/nA0(A(K))→ H
1(G,A0(A)[n])→ H
1(G,A0(A))[n]→ 0 .
Now we consider a place v of K and consider the complection of
K at v, denote this completion by Kv. Then consider the algebraic
closure K¯v of Kv and embed K¯ into K¯v. This embedding gives us an
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injection of the Galois group Gal(K¯v/Kv) into Gal(K¯/K). Considering
the Galois cohomology we have a homomorphism from
H1(Gal(K¯/K), A0(A(K¯))→ H
1(Gal(K¯v/Kv), A0(A(K¯v))) .
In short we write the groups Gal(K¯/K),Gal(Kv/Kv) as G,Gv. Then
we have the following commutative diagrams:
A0(A(K))/nA0(A(K))

// H1(G,A0(A)[n])

A0(A(Kv))/nA0(A(Kv)) // H
1(Gv, A0(Av)[n])
H1(G,A0(A)[n])

// H1(G,A0(A))[n]

H1(Gv, A0(Av)[n]) // H
1(Gv, A0(Av))[n]
Consider the map
H1(G,A0(A)[n])→
∏
v
H1(Gv, A0(Av))
Definition 3.1. The kernel of this map is defined to be the selmer
group associated to the map z 7→ nz and it is denoted by Sn(A0(A)/K).
Definition 3.2. The Tate-Shafarevich group is the kernel of the map
H1(G,A0(A))→
∏
v
H1(Gv, A0(Av)) .
It is denoted by TS(A0(A)/K).
Now consider the commutative diagram:
H1(G,A[n])

//
∏
vH
1(Gv, Av)[n]

H1(G,A0(A)[n]) //
∏
vH
1(Gv, A0(Av))[n]
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Now by Roitman’s theorem as in [R2] The groups A[n] and A0(A)[n]
are isomorphic. Therefore the group cohomologies are isomorphic. SO
the left vertical arrow in the above diagram is an isomorphism. Suppose
that we have an element in Sn(A/K), Then by the commutativity of
the above diagram we have that the image of the element under the
left vertical homomorphism is in Sn(A0(A)/K). Now we prove the
following theorem:
Theorem 3.3. The group Sn(A0(A)/K) is finite and hence A0(A(K))/nA0(A(K))
is finite..
Proof. Consider the diagram
H1(G,A[n])

//
∏
vH
1(Gv, Av)[n]

H1(G,A0(A)[n]) //
∏
vH
1(Gv, A0(Av))[n]
Suppose that some element is there in Sn(A0(A)/K). THen by the
left vertical isomorphism it lifts to a unique element in Sn(A/K). The
commutativity of the above diagram tell us that the image of this lift
under the top horizontal arrow is in the kernel of
∏
v
H1(Gv, Av)[n]→
∏
v
H1(Gv, A0(Av))[n] .
So we have to understand the kernel of the above homomorphism.
For that we have the exact sequences:
0→ A(Kv)/nA(Kv)→ H
1(Gv, Av[n])→ H
1(Gv, Av)[n]→ 0
and
0→ A0(A(Kv))/nA0(A(Kv))→ H
1(Gv, A0(Av)[n])→ H
1(Gv, A0(Av))[n]→ 0
also we have the commutative squares:
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A(Kv)/nA(Kv)

// H1(G,Av[n])

A0(A(Kv))/nA0(A(Kv)) // H
1(Gv, A0(Av)[n])
H1(Gv, Av[n])

// H1(Gv, Av)[n]

H1(Gv, A0(Av)[n]) // H
1(Gv, A0(Av))[n]
Suppose that we have an element η in the kernel of
H1(Gv, Av)[n]→ H
1(Gv, A0(Av))[n]
Then it means that there exists an element z in A0(Av(Kv)) such that
σ(η) = σ.z − z
for all σ in Gv. In particular for all σ in the inertia group Iv. Now sup-
pose that v is a finite place such that v does not divide n and A/K has
good reduction at v. Then consider the specialization homomorphism
from A0(Av) to A0(A
′
v), where A
′
v is the reduction of Av at v. Then it
follows that the image of
σ.z − z
is zero for all σ in Iv. But on the other hand, by the exactness of the
above sequence σ.z − z is an n-torsion. So by the Roitman’s theorem
about torsionness the element σ.z − z corresponds to an n-torsion on
Av. By similar argument as above we have that this n-torsion on Av is
mapped to zero under Av → A
′
v. But we know that the n-torsions of
Av are embedded in A
′
v. Therefore we have this n-torsion on A is zero
and consequently
σ.z = z
for all σ ∈ Iv. Now σ(η) is in H
1(Gv, A0(Av)[n]) and it is zero in
H1(Iv, A0(Av)[n]). Therefore it is zero in H
1(Iv, Av[n]). Then by
the inflation-restriction sequence for group cohomology we have that
the kernel H1(Gv, Av)[n] → H
1(Gv, A0(Av))[n] is trivial for all but
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a finite set of places v. Now consider the image of H1(G,A[n]) in
H1(Gv, Av)[n]. By the previous argument this image is unramified for
all but finitely many places v. Hence the following lemma [Sil][lemma
4.3, chapter X] tells us that it is finite.
Lemma 3.4. Let M be a finite G module and S be a set of finitely
many places in K. Consider
H1(G,M ;S)
consisting of all elements η in H1(G,M), which are unramified outside
S. Then H1(G,M ;S) is finite.
Now the image of H1(G,A[n]) in H1(Gv, Av)[n] is zero for all but
finitely many v. So we have obtained that the group Sn(A0(A)/K)
embeds in the finite group, the image of H1(G,A[n]) in
ker(
∏
v
H1(Gv, Av)[n]→ H
1(Gv, A0(Av))[n]) ,
actually in a finite product
ker(
∏
v∈S
H1(Gv, Av)[n]→ H
1(Gv, A0(Av))[n]) .
Therefore the Selmer group of A0(A) is finite. Hence it follows that
A0(A(K))/nA0(A(K)) is finite.

Theorem 3.5. The Tate-Shafarevich group of A0(A) admits a map to
the direct sum of Tate-Shafarevich groups associated to the quotient
⊕ni=1J(Ci)/An
where Ci’s are finitely many smooth, projective curves in A and An is
the kernel of the map ⊕ni=1J(Ci)→ A.
Proof. Observe that the group A0(A(K¯)) consists of algebraically triv-
ial zero cycles on A(K¯). So it means that given any such cycle z there
exists a smooth projective curve C defined over K¯ and two K¯ points
P,Q on the curve such that
j∗(P −Q) = z
where j is the closed embedding of C in A. Therefore we have the
following commutative diagram:
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⊕C⊂AJ(C)

// A0(A)

⊕CvJ(Cv) // A0(Av)
Here the horizontal arrows are surjective.
Since the group cohomology of a direct sum is the direct sum of
group cohomologies we have
H1(G,⊕J(C)) ∼= ⊕H1(G, J(C))
and similarly
H1(Gv,⊕J(Cv)) ∼= ⊕H
1(Gv, J(Cv))
So we get the following commutative diagram by the functoriality of
group cohomology
⊕C⊂AH
1(G, J(C))

// H1(G,A0(A))

⊕CvH
1(Gv, J(Cv)) // H
1(Gv, A0(Av))
Now suppose that we have a function η : G→ A0(A), such that it has
finite image,since G is profinite. So we have the images η(σ1), · · · , η(σn)
are supported on finitely many J(Ci), where Ci is a smooth projective
curve. Then we have
η(στ) = η(σ) + ση(τ)
in A0(A). Hence the above equality happens on the image of ⊕
n
i=1J(Ci)
inside A0(A). Therefore we have
η(στ) = η(σ) + ση(τ)
on
⊕ni=1J(Ci)/ ker(⊕iji∗)
where ji is the closed embedding of J(Ci) into A.
SELMER GROUP ASSOCIATED TO THE CHOW GROUP 19
Now the kernel of ⊕ni=1ji∗ is contained in the kernel of ⊕
n
i=1J(Ci)→
A. Call this kernel An. Then if we consider the abelian variety
(⊕ni=1J(Ci))/An, we have
⊕ni=1J(Ci)→ A0(A)
is surjective onto its image with the kernel contained in An and similar
thing happens for J(Cvi). Therefore we have the following commutative
diagram:
⊕H1(G, (⊕ni=1J(Ci))/ ker(⊕iji∗))

// H1(G,A0(A))

⊕H1(Gv, (⊕
n
i=1J(Cvi)/ ker(⊕ijiv∗))) // H
1(Gv, A0(Av))
The direct sum on the extreme left of the diagram is taken on finite di-
rect sums ⊕ni=1J(Ci)/ ker(⊕iji∗). By the previous discussion the group
⊕ni=1J(Ci)/ ker(⊕iji∗) admits a homomorphism to (⊕
n
i=1J(Ci))/An. Sim-
ilarly (⊕ni=1J(Cvi))/ ker(⊕
n
i=1jvi∗) admits a homomorphism to (⊕
n
i=1J(Cvi))/Anv.
It means that we have lifted the function fromG to A0(A) to G→ Bn =
⊕ni=1J(Ci)/ ker(⊕iji∗). So we have that the map
⊕H1(G,Bn)→ H
1(G,A0(A))
is surjective and infact an isomorphism (the direct sum is taken on the
quotients of finite direct sums: ⊕ni=1J(Ci)/ ker(⊕iji∗)). Now suppose
that we have an element in the kernel
H1(G,A0(A))→ H
1(Gv, A0(Av))
then by the following commutative diagram:
⊕H1(G,Bn)

// H1(G,A0(A))

⊕H1(Gv, Bvn) // H
1(Gv, A0(Av))
The element lifts uniquely to an element in the kernel of
⊕H1(G,Bn)→ H
1(Gv, A0(Av))
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Since we have
⊕Bvn → A0(Av)
is an isomorphism, we get the image of the lift under the map
⊕iH
1(G,Bn)→ ⊕iH
1(Gv, Bvn)
is zero. Infact it is supported on one finite direct sum⊕ni=1J(Ci)/ ker(⊕iji∗).
Now consider the diagram:
H1(G,Bn)

// H1(G,⊕ni=1J(Ci)/An)

⊕H1(Gv, Bvn) // H
1(Gv,⊕
n
i=1J(Cvi)/Anv)
By the previous discussion, the image of the element under the map
H1(G,Bn)→ H
1(G,⊕ni=1J(Ci)/An)
is in the kernel of
H1(G,⊕ni=1J(Ci)/An)→ H
1(Gv,⊕
n
i=1J(Cvi)/Anv)
which is the Tate-Shafarevich group of the abelian variety⊕ni=1J(Ci)/An.
So the Tate-Shafarevich group TS(A0(A)/K) admits a map to the di-
rect sum,
⊕TS(⊕ni=1J(Ci)/An) .
The kernel of this map is contained in H1(G,An/Bn).

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